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Lemma (Union bound)

Let A1, Az, ..., An be probability events. Then,

Pr[A1 UAy U---UA,] < Pr[A1] + Pr[As] + - - - + Pr[A,] .

® For Pr[-] to make sense, we implicitly assume there is an
underlying probability space (X, F, P).

® Pr[] is another notation for P(-). This notation Pr[:] used
when (X, F, P) is only implicitly defined.

® A (probability) event A is just fancy another word for A € F.

David Pal
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Proof.
If AC B then

Pr[A] < Pr[A] + Pr[B \ A] = Pr[B] .
If n =1, the inequality is trivially true. If n =2,

Pr[A1 U Ay] = Pr[A; U (A2 \ Ar)]
= Pr[A1] + Pr[A2 \ A1] < Pr[Aq] + Pr[Ay] .

For n > 3, using the n = 2 case and induction hypothesis,

PrlAiUAU---UA, < PrlAiUAU---UA,_1] + Pr[A,]
< Pr[A1] + Pr[A2] + - - - + Pr[A,] .
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Lemma (Linearity of expectation)

Let X, Y be any random variables (possibly correlated). Then,
E[X + Y] = E[X] + E[Y].

Lemma (Expectation of product)

Let X, Y be independent random variables. Then,
E[XY] = E[X] - E[Y].

Lemma (Tower rule)

Let X,Y be any random variables (possibly correlated). Then,
E[X] = E[E[X|Y]].

Statistical and Computational Foundations of Machine Learning Dévid Pal



Elementary tools p s ¢ ntration inequaliti free lunch tt

0000e

Lemma (Useful inequality)

For any x € R,
1+x<ex.

/ o
® The two sides of the inequality are close when x is close to 0.
® \ery often used in the form 1 — x < e™*.
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Definition (Empirical Risk Minimization)

Suppose that # C Y% is a non-empty set of predictors. Empirical
Risk Minimization (ERM) is a learning algorithm that for a labeled
sample S € (X x ))* outputs

h = argmin Ls(h)
heH

® 7 has many different names:
® hypothesis class, concept class, function class, model class

® class of predictors, class of classifiers
® set system: a classifier h € H corresponds to a set h=1(1)

o Different ERMs exist for different tie-breaking rules.

David Pal

Statistical and Computational Foundations of Machine Learning



Elementary tools Empirical Risk Minimization Conc o free lunch theorem

[e]e]e]e] [e]e] lele]elele)

® Suppose X =[0,1] and Y = {0,1}.
® Let D be a distribution over X’ x Y such that if (X,Y) ~ D
then X is uniform over [0,1] and

y_Jo ifx<1/2
1 X >1/2.

® Note that Bayes optimal classifier h* has error Lp(h*) = 0.
o Let H=Y" and A: (X x V)* — H be an ERM algorithm
over H such that

h=A(S)
F(x):{l if (x,l?ES,
0 otherwise.

That is, algorithm A “memorizes” the positive examples.

-~

e With probability one, Lp(h) = 1/2.
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Theorem (ERM over finite hypothesis classes)

Let X be arbitrary and Y = {0,1}. Let H C V¥ be finite. Let

h* € H. Let D be a distribution over X x ) such that if

(X,Y) ~ D then Y = h*(X). Consider any ERM algorithm A over
H. Lete,é € (0,1). Suppose m is an integer that satisfies

o In(H]) +In(1/3)

€

If S ~ D™ then

PrLo(A(S)) <] >1-34.
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Proof (part 1)

Note that Ls(h*) = Lp(h*) = 0.
Let Hpaga ={h € H : Lp(h) > €}.
If Ls(h) # 0 for all h € Hpag then Lp(A(S)) < e.
Lp(A(S)) > € can happen only if 3h € Hpag s.t. Ls(h) = 0.
® |Let us upper bound the probability 3h € Hpaq s.t. Ls(h) = 0.
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Proof (part 2)

Consider a predictor h € Hpag. Suppose Lp(h) = p.
Since h € Hpad,
p=e€.

Let S ~ D™ where S = ((x1,y1), (x2,¥2) - - ., (Xm,¥m)). Then,

Pr[Ls(h) = 0] = Pr[h(x1) = y1, h(x2) = y2,. .., h(Xm) = Ym]
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Proof (part 3)
Let Ej be the event that Ls(h) = 0.

“bad event”
Pr{Lo(A(S)) > €] = Pr[A(S) € Hpad]
< Pr [Hh € Hpad S-t. Ls(h) = O]

= Pr U Eh

heHpaq
< Z Pr[Ls(h) = 0] (union bound)
heHpaq
< Z e M — ‘Hbad’e_Em < ’H‘e—em
heHpaq
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Proof (part 4)
Recall that

PriLp(A(S)) > €] < |H|e .
Note that |H|e™“" < § if and only if

o (M) +In(1/6)

- €

Thus,
PriLp(A(S)) > €] < [H|e " < 6.

Thus,
PrlLp(A(S)) <e¢>1-9.
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Theorem (Markov's inequality)

Let X be a non-negative random variable. For any t > 0,

Pr[XEt]ﬁ@.
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Proof (part 1)

Define a new random variable

With probability one,
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Proof (part 2)
Take expectation of both sides of Z < X:

E[Z] < E[X]
By definition of Z
E[Z]=0-Pr[X <t]+t-PriX>t]=t-Pr[X >1t].

Thus,
t-Pr[X > t] < E[X].

The inequality follows by dividing through by t.
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Theorem (Chebyshev's inequality)

Let X be a random variable such that E[X] and Var[X] exist. For
any t > 0,
Var[X]

PrX - E[X]| > ] < =5,

Recall that Var[X] = E[(X — E[X])?] = E[X?] — (E[X])?
Proof.
Let Z = (X — E[X])?. Since Z > 0, by Markov's inequality,

PrlIX — E[X]| > t] = Prl(X — E[X])? > £

= Pr[Z > 7]
< El[QZ] _ Va:2[X] . n
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Let X1, X2, ... be i.i.d. Bernoullli(p) for some p € (0,1).
Let Z, =130, X

E[Z)] = 5 X7 EIXi] = p

Var[Z,] = L 37, Var[X;] = 22-)

Chebyshev's inequality implies that for any t > 0,

p(L—p)

Pr[|Z, — p| > t] <
Mz —pl =t < =g
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Theorem (Central limit theorem)

Let y € R and o > 0. Let X1,X5,... be i.id. random variables
such that E[X;] = p and Var[X;] = 0? forall i =1,2,....
Then, for any t € R,

moX) — ES
lim Pr [(Z’:l )= > t] = —1 / e /2 dx .
U\/ﬁ V2T Jt

n—o0o

The distribution of a properly normalized sum Y 7_; X; converges
to the normal distribution N(0,1) with mean 0 and variance 1.

For any t > 0,

1 o0 7X2/2d < 1 71“2/2
— e X —€ .
vV 271' t 2
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® Let X1, X,... bei.i.d. Bernoullli(p) for some p € (0,1).
°let Z, =137, X.
® 1 =E[X/] = pand o? = Var[X;] = p(1 - p)
® Central limit theorem implies that for any t > 0,
Pr{lZ, — p| = t] =Pr[Z, — p > t] + Pr[(—Z,) — (—p) = 1]
= Pri(X2iiy Xi) — np = nt] + Pr{(321L, —Xi) — n(—p) = nt]
[ ) LBy
v/ np(1l — P)
e [ —X,-) - n(—p) [
np(1 — p) p(L—p)
1 /OO 2 _i
R 2—— e /2dx < e W7
t R L —
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® The bound from Chebyshev's inequality is
p(l —p)
® The bound from Central limit theorem is
nl‘2
PrlIZy—pl > ] S & 07 .
® Right-hand sides are functions of p(’l't_zp).
® The second inequality is much stronger.
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Theorem (Hoeffding's inequality)

Let a1,as,...,ap, b1, by, ..., b, be real numbers.
Let Xy, Xz, ..., X, be independent random variables such that
Xi € [aj, bi] for i =1,2,...,n with probability one. Then, for any

e >0,
Pr iX >E ix_ S 6— < exp <_262> (1)
= = I_ | i (bi—ai)? )’
Pr iX < E ix_ _ 6— < exp <_262> (2)
=il - -1 I_ B Yoa(bi—ai)?)’

Pr

. . 262
E Xi—E E Xil| = €| <2exp (—,,) (3)
i=1 i=1 ] Zi:1(bi - ai)2
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Proof of Hoeffding's inequality (part 1)

® Inequality (2) by applying (1) to — X1, —Xo,...,—X,.

® Inequality (3) follows (1), (2) and union bound.

e |t suffices to prove (1).

® let V=X — E[X,]

o letZ=3",Y.

® We will use so called Chernoff's bounding technique. It
involves bounding the moment-generating functions of Z,

2\ thE [ZK]
Kt

k=0
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Proof of Hoeffding's inequality (part 2)

For any t > 0,
Prid X;>E Xi| +e| =Pr|> Yi>el =Pr[Z>
i=1 i=1 i=1
E tZ
— Pr [etz > e“} < @ (Markov's inequality)
e €

E [ v] e, o)

_ ete ete
[T, E [e"]

= ————— (independence)
e

It remains to upper bound E [e?Y7] i.e. the moment generating
function of Y.
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Lemma (Hoeffding's lemma)

Let Y be a random variable such that Y € [a, b] with probability
one and E[Y] = 0. Then, for any real number t,

_ (b—a)?

E [ety} <e B
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Proof of Hoeffding's lemma (part 1)

The function f(y) = e is a convex.

<
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Proof of Hoeffding's lemma (part 2)
For any y € [a, b],

b—y y—a
ety <« 2 ota eth
_b—a +b—a

Thus, with probability one,

b-Y ., Y—a,
b—ae —i—b_ae .

ety <

Taking expectation and since E[Y] = 0,

E[ety] < biaeta_biaetb'

David Pal
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Proof of Hoeffding's lemma (part 3)

It remains to prove that

t2(b—a)?

Let p = 5-%. (Note that p € [0, 1], since a <0 < b.)

et _ a eth — (l—p)eta—i-petb

_ eta(l —p+ pet(b—a))
_ e—pt(b—a)(l —p+ pet(b—a))
=e P(1—p+pe”)

where u = t(b — a).
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Proof of Hoeffding's lemma (part 4)

We have
e PU(1 — p+ pe’) = e?W)

where
¢(u) = —pu + log(1 — p+ pe”) .

It remains to prove that

e?U) < ot*(b=2)*/8
Equivalently, we need to prove that

¢(u) < u?/8.

Statistical and Computational Foundations of Machine Learning Dévid Pal



Elementary tools rical Risk Minimization Concentration inequalities

0000000000000 0000e000

Proof of Hoeffding's lemma (part 5)

We compute second order Taylor approximation of ¢(u) at u = 0:

¢(u) = —pu + log(1 — p + pe") $(0)=0
S =P+ 1= ¢/(0) =0
"eoy pe(1— p+ pe”) — (peu)2
) = (1— p+ pev)?
p(1 - p)e* AB

A-pipe? (AtBRE ="

since VAB < #.
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Proof of Hoeffding's lemma (part 6)

By Taylor's theorem there exists v between 0 and u such that

u?

¢(u) = $(0) + ¢'(0)u + ¢"(v)

Therefore,

o(u) < u2/8.
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Proof of Hoeffding's inequality (part 3)

For any t > 0,
2 2
n n n tY: n t°(bj—aj)
H-:lE[e ] [[Lie 3
pe (302 E |30 ] 4 ef < Tt Bl (Mie
=il i=1

2
= exp s Z(b, — a,—)z — te
i=1

Choose t that minimizes the last expression. (Note that the
exponent is a quadratic function of t.) Set

I
Z?:l(bi - a,-)2

t =
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Proof of Hoeffding's inequality (part 3)

_ 4e
For t = s tp—ye

Pr zn:X,-ZE iX,- +e
i=1 i=1

22
< exp g Z(b, — a,-)2 — te
i=1
n

16 a2
s =0 S e

= exp
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Theorem (No free lunch theorem)

Let X be an infinite domain. Let Y = {0,1}. Let

A: (X xY)* — Y* be any learning algorithm. Let m be a
positive integer. There exists a distribution D over X x Y and a
classifiert h* : X — ) such that

Lp(h*) =0
and, for a labeled sample S ~ D™,
Lp(A(S)) >1/8

with probability at least 1/7.

1h* is the Bayes optimal classifier for D.
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Proof of No free lunch theorem (part 1)

Let C C X be of size 2m.

Let U be uniform distribution over C.

There are 22™ different functions in )€

For any h€ Y and x € X'\ C, we define h(x) = 0.

For any h € V€, define distribution D}, over X x ) as follows

U({x}) if h(x) =y,

0 if h(x) #y.

Lp,(h) = 0 by construction of Dj,.

D = Dy, and h* = h for some h € YC: to be specified later.

Da({(x,¥)}) = {

Statistical and Computational Foundations of Machine Learning Dévid Pal



rical Risk Minimization Co ra equa No free lunch theorem

[e]e]e] lelele]ele]e]

Proof of No free lunch theorem (part 2)

We lower bound
max Es..pm[Lp,. (A .
hgg S Dh[ D, (A(S))]

Let T ~ U™ be an unlabeled sample T = (x1,x2,...,Xxm). For any
classifier h, let

Th= ((Xla h(Xl))7 (X27 h(X2))’ coog (Xm7 h(Xm)))
be a labeled sample.
max Es~.or[Lp,(A(S))] = maxEr~un[Lp,(A(Th))]

> 2 3 Ereunllo,(A(T))
hey<
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Proof of No free lunch theorem (part 3)

rpeag ESND,T [LD,,(A(S))]
= rpeag E7r—un[Lp,(A(Th))]

> 3 3 Ereunllo,(A(T))

hey¢

=Er ynm

=Eroym

2m Z LDh

hey¢

22m > 5- Zl[Am) ) # h(x)]

heyC xeC
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Proof of No free lunch theorem (part 4)

= ETNUm 22m Z

heyC

= Erum zmz 72 3 HA(TA)() # i)

xeC

=E7rym Z

XEC\VT

ZI[A Th)(x) # h(x)]

XGC

hey<

7om Z 1[A(T5)(x) # h(x)]

hey€

where V7 = {x1,x2,...,Xm} is the set of (distinct) examples in

T =(x1,X2, - Xm)-
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Proof of No free lunch theorem (part 5)

We lower bound

Z > Z 1[A(Th)(x) # h(x)] .

xe C\Vr hey¢

For any g € V7, let
Hy = {h e Y€ : h(x) =g(x) for all x € VT} .

Note that |Hg| = 22m=IVTl 3nd U H, = V¢ is a partition of

geYVT
Y€ into VTl sets.
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Proof of No free lunch theorem (part 6)

o Y o 2 AT # A()

x€C\Vr heyC

1 1
:ﬂ Z olV7] Z 22m V7| Z L[A(T, (X)#h( )]

XGC\VT geyVT heH, g
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Proof of No free lunch theorem (part 7)

Thus,

I’l?eaé( ESND;,n[LDh(A(S))] > 1/4 .

Therefore, there exists h* € V¢ such that
Es~op [Lp,. (A(S))] = 1/4.
We define D = Dp+«. Thus, there exists D such that

Es-or[Lp(A(S))] =1/4  and  Lp(h*)=0.

David Pal
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Proof of No free lunch theorem (part 8)
Let Z = Lp(A(S)). We know that Z € [0, 1] and

E[Z] > 1/4.
Let W =1—Z. Clearly W € [0,1] and E[W] < 3/4. By Markov's
inequality,
E[W] _3/4
Pr[W > 7/8] < < 7.
1 B35 <78 =%
Therefore,

PrlLp(A(S)) > 1/8] = Pr[Z > 1/8] = Pr[W < 7/8]
=1-PrW>7/8]>1-6/7=1/7. W
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